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Abstract. The main objective of tlie present work is to study contraction semigroups generated by Laplace 
operators on metric graphs, which are not necessarily self-adjoint. We prove criteria for such semigroups 
to be continuity and positivity preserving. Also we provide a characterization of generators of Feller semi- 
groups on metric graphs. 



1. Introduction 

Metric graphs or networks are one-dimensional piecewise linear spaces with singularities at the ver- 
tices. Alternatively, a metric graph is a metric space which can be written as a union of finitely many 
intervals, which are either compact or [0, +oo); any two of these intervals are either disjoint or intersect 
only in one or both of their endpoints. It is natural to call the metric graph compact if all its edges have 
finite length. 

The increasing interest in the theory of differential operators on metric graphs is motivated mainly 
by two reasons. The first reason is that such operators arise in a variety of applications. We refer the 
reader to the review f3T|, where a number of models arising in physics, chemistry, and engineering 
are discussed, as well as to original works Q, @, ||35l, where modeling of carbon nano-structures is 
discussed. References 19], ifTOl . HTIl address signal transmission in biological neural networks and blood 
flow in the human arterial systems. The second reason is purely mathematical: It is intriguing to study 
the interrelation between the spectra of these operators and topological or combinatorial properties of 
the underlying graph. Similar interrelations are studied in spectral geometry for differential operators on 
Riemannian manifolds (see, e.g. [11], li23J . ||24J) and in spectral graph theory for difference operators on 
combinatorial graphs (see, e.g. |12 |, [TSl). 

Metric graphs take an intermediate position between manifolds and combinatorial graphs. References 
II32I . P6l . PtI provide a Selberg-type trace formula for semigroups generated by a class of self-adjoint 
Laplace operators on metric graphs which establishes a connection between the trace of the semigroup 
and cycles on the graph as well as its Euler characteristics (see also |[36l ). Index theorems for such 
semigroups have been proved in |20|. These results have the well-known analogues in spectral geometry. 
On the other hand, for compact graphs with equal edge lengths and special boundary conditions at the 
vertices the spectrum of the differential Laplace operator is the preimage of the combinatorial spectrum 
under a certain entire function (see, e.g., 1431 ). Using this correspondence some results of the spectral 
graph theory for combinatorial Laplacians can be translated in this case to differential Laplace operators. 

In the setting of the Hilbert space theory, semigroups generated by self-adjoint differential operators 
on metric graphs in special cases have been studied in [3], ||2TI . Il22l . Il42l . Reference [31] seems to be the 
first work, where a systematic study of semigroups on metric graphs has been undertaken. In particular, 
this reference provides criteria for a self-adjoint Laplace operator to generate a contraction and positivity 
preserving semigroup. 

The main objective of the present paper is to study semigroups generated by general, not necessarily 
self-adjoint Laplace operators on metric graphs. There are several motivations to study such semigroups. 

First, non-self-adjoint differential operators naturally appear in different models. In particular, initially 
motivated by neurobiological problems, parabolic equations on (finite or infinite) metric graphs attract 
research attention since more than 20 years (see, e.g., [2], [7], ifTTl . If38l . |[39l , BOl . HTI and references 
quoted therein). Here the theory of semigroups on metric graphs plays a central role. 
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Second, positivity preserving contraction semigroups on the Banach space of continuous functions 
(that is, Feller semigroups) are related to strongly Markovian stochastic processes on metric graphs. In 
particular, the transition density of a stochastic processes is given by the integral kernel of the corre- 
sponding semigroups. Without attempting to give a complete review of the work on stochastic processes 
on metric graphs we mention the papers |8|, |18|, [19,1, Ii5 1 i . In our forthcoming article [33] we give 
a complete characterization and construction of all Brownian motions on metric graphs, that is, of all 
path continuous strongly Markovian stochastic processes which away from the vertices are equivalent to 
a standard Brownian motion. 

The work is organized as follows. Notation and main results are presented in Section |2] In Section 
[3] accretive and dissipative Laplace operators are studied. In particular, we provide a characterization 
of maximal accretive operators, which by the Lumer-Phillips theorem are infinitesimal generators of 
contraction semigroups. In Sections|4]and|5]we prove criteria for the boundary conditions at the vertices 
of the graph ensuring that the contraction semigroup generated by the corresponding Laplace operator 
is positivity and continuity preserving. The semigroup theory in the Hilbert space developed here can 
be used to study the semigroups on other function spaces on metric graphs, in particular, on the Banach 
space of continuous functions. In Section|6]we give a characterization of generators of Feller semigroups 
in terms of boundary conditions at vertices of the graph. 

The recent reference ||40I is closely related to the results of the present work. In the main body of the 
paper we will comment on the related results proved in (4U\. 

We mention that the spectrum of generators of semigroups and the spectral mapping are not discussed 
in the present paper Also, a class of boundary conditions, the so-called Wentzell boundary conditions, 
particularly important in the theory of stochastic processes on metric graphs (see |X8J, Ii33 j . 1511 ). remains 
out of the scope of the present paper. We will consider these questions elsewhere. 

Acknowledgements. V. K. and R. S. would like to thank the the Isaac Newton Institute for Mathematical 
Sciences for financial support and hospitality extended to them during their stay in Cambridge in the 
Spring of 2007. It is also a pleasure to thank the organizers of the programme "Analysis on graphs and 
its applications" for the very inspiring atmosphere there. 

2. Laplace Operators on Metric Graphs. Main Results 

In this section we summarize the terminology used below and present the main results obtained in the 
present work. 

A finite graph is a 4-tuple Q = (V,T, £, d), where y is a finite set of vertices, X is a finite set of 
internal edges, £ is a finite set of external edges. Elements in X U £ are called edges. The map d assigns 
to each internal edge i e X an ordered pair of (possibly equal) vertices d{i) := (wi,f2) and to each 
external edge e € £ a single vertex v. The vertices vi =: d'^ (i) and V2 =: 9+ (i) are called the initial and 
terminal vertex of the internal edge i, respectively. The vertex v = 9(e) is the initial vertex of the external 
edge e. Two vertices vi and V2 are adjacent if there is at least one edge i e X with d{i) — (wi, f2) or 
d{i) = {v2,vi). If d{i) = {v,v), that is, d~{i) = d'^{i) then i is called a tadpole. A graph is called 
compact if £ — 0, otherwise it is noncompact. 

Throughout the whole work we will assume that the graph Q is connected, that is, for any v,v' G V 
there is an ordered sequence (vi = v,V2, ■ ■ ■ ,Vn = v') such that any two successive vertices in this 
sequence are adjacent. In particular, this implies that any vertex of the graph Q has nonzero degree, that 
is, for any vertex there is at least one edge with which it is incident. 

The degree deg(ti) of the vertex v is defined as 

deg(w) := |{e e £ I 9(e) = v}\ + |{i G X | d-{i) =v]\ + \{i e X| 9+(i) = 

that is, it is the number of (internal or external) edges incident with the given vertex v and by which every 
tadpole is counted twice. 

We will endow the graph with the following metric structure. To each internal edge i e X we associate 
an interval [0, a;] with > such that the initial vertex of i corresponds to and the terminal one to a;. 
To each external edge e £ £ we associate the semiline [0, +oo). We call the number a; the length of the 
internal edge i. We will denote by a the vector {ai)i(=x G (IR+)''^'. A compact or noncompact graph Q 
endowed with a metric structure is called a metric graph {G,a)- 
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Given a metric graph {G,a) consider the Hilbert space 

(2.1) H = H{£,I,a)=Hs®Hi, He = ^He, Wi = 0Wi, 

where Hj = L'^{Ij ) with 

^ ^ l'[0,a,] if J ex, 
' \[0,+oo) if j€£. 

By Vj with j e f U X denote the set of all tpj G Hj such that tjjj and its derivative tpj are absolutely 
continuous and ip'J is square integrable. Let Vj denote the set of those elements ipj G Vj which satisfy 

^^"(°) = ° for iG£ and V^.W = ^.(%) = 
Let A° be the differential operator 

(2.2) (AO^).(a;) = ^^^.(a;), jelUS, x e Ij 
with domain 

It is straightforward to verify that A° is a closed synraietric operator with deficiency indices equal to 

\£\+2\I\. 

Now we begin the discussion of boundary conditions for Laplace operators on metric graphs. To this 
end we introduce an auxiliary finite-dimensional Hilbert space 

(2.3) /C = /C(f , J) = /C£ e /C^"^ ® /c^+^ 

with ICs ^ Cl^l and IC^£^^ = C'^'. Let ''IC denote the "double" of /C, that is, ''IC=IC®IC. 

Let J C SUlbca subset of edges, consider x in the cartesian product Xj^j Ij of these edges, and a 
function tp 

where the superscript T denotes transposition. For 

jeSui 

we set 

(2.4) [V'] :=±®ij/e '^K,, 
with tp and ip' defined by 

f^sm ( 4(0) 

(2.5) ±= Vx(0) , il=\ V4(0) 

Let A and B be linear maps of /C onto itself. By [A, B) we denote the linear map from ''/C = /C © /C 
to K, defined by the relation 

{A,B) (xiex2) ■=Axi+Bx2, 

where Xi > X2 € /C. Set 

(2.6) M{A,B):=Kev{A,B). 

The following assumption plays a crucial role throughout the whole work. 

Assumption 2.1. 77je map {A, B) : "^/C — > /C m surjective, that is, it has maximal rank equal to 

\£\+2\I\. 
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Observe that Ker n Ker — {0} under Assumption l2.1l Indeed, since the Hnear map ^^t^ ^ 
{A, By : K. ^ "^K. has maximal rank equal to |f | + 2\I\, it follows that Ker ^^t^ = i*^}- Noting that 
Ker ( ) ^ ^'^^ ^ proves the claim. 

Deflnition 2.2. The boundary conditions {A, B) and {A' , B') satisfying Assumption \2.1\ are equivalent 

if the corresponding subspaces Ai{A^ B) and A4{A' , B') coincide. 

The boundary conditions (A, B) and (A', B') satisfying Assumption 12.11 are equivalent if and only if 
there is an invertible map C : K. ^ JC such that A' — CA and B' — CB. 

Under Assumption 12.11 the inverse {A + \kB)^^ exists for all k G C except in a finite subset. Thus, 

(2.7) 6(k; A, B) -{A + ]kB)-^{A - ikB) 

is well defined for all k e C but in a finite subset. This operator plays a central role in the theory of 
Laplace operators on metric graphs. In particular, (3(k; A, B) = 6(k; A' , B') if and only if AA{A, B) = 
M{A' , B'). Hence, we can write &{k;M) instead of 6(k; A, B) with M ^ M{A, B). 

With any subspace C ''/C of the form ( I2.6l l we can associate an extension of A°, which is the 
differential operator A(A^) defined by (I2.2l i with domain 

(2.8) Dom(A(A^)) = {ijj £ V\ [iP] e M}. 

In other words, the domain of the Laplace operator A(A^) consists of functions ip G V satisfying the 
boundary conditions 

(2.9) A^ + Bxjl = 0, 

with (A, B) subject to (|Z6] |. Sometimes we wiU write A(A, B) instead of A(A1 (A, B)). 

Throughout the whole article we adopt the terminology used in in |26| and in P8l . Recall that the 
operator — A is called dissipative if 

-Im(V', A-0)-H > 
holds for all t/; G Dom(A). The operator — A is accretive if 

-Re(V', AV')w > 

holds for all ^jj E Dom(A). A dissipative (respectively accretive) operator is called maximal, if it does 
not have a proper dissipative (respectively accretive) extension. If the domain of a maximal dissipative 
(respectively maximal accretive) operator is dense in Ti., then this operator is called m-dissipative (re- 
spectively m-accretive). An m-dissipative or m-accretive operator is necessarily closed (see ll44l . where, 
however, a different terminology is used). 

Our first main result states that all m-accretive Laplace operators are defined by boundary conditions 
satisfying Assumption 12. II 

Theorem 2.3. For any m-accretive extension — A of the symmetric operator — A*^ the subspace 

M ;= {[Vj] I e Dom(A)} c '^IC 

admits the representation M. — Ker(j4, B) with [A, B) satisfying Assumption \2.1\ 

By the Lumer-Phillips theorem (see lfT4l Theorem II. 3. 15] or Theorem IV.4.1 in [48 1) m-accretive 
operators are generators of strongly continuous contraction semigroups, that is, they satisfy the estimate 

|jgtA(A,B)|j < i>0. 

Our second main result provides sufficient conditions for the boundary conditions to define an m- 
accretive operator 



Theorem 2.4. The boundary conditions satisfying Assumption \2.1\ define an m-accretive Laplace opera- 
tor — A(j4, B) whenever one of the following equivalent conditions is satisfied 

(i) Re(ABt) < 0; 

(ii) S (i>f ; A,B) defined in ( 12.71) is a contraction for some ( and, thus, for all) x > 0. 
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Note that for self-adjoint Laplace operators —A{A, B) this result has been obtained earlier in fT\\. We 
emphasize that in general the sufficient conditions of Theorem 12.41 need not be necessary. This follows 
from Example 13 . 8 I below. 

Although Theorem l2.4l is stated for differential operators on graphs, using a concept of the boundary 
triple (see, e.g., [25]), this result can be translated to an abstract setting, where A° is replaced by an 
arbitrary closed positive symmetric operator on a Hilbert space. A different description of m-accretive 
extensions has been obtained by Tsekanovskii and his coauthors (see ll50l . Il49l and references quoted 
therein). 

The methods we use to prove Theorem 12.41 can also be applied to treat m-dissipative extensions of 
the symmetric operator — A'^. In particular, we obtain a complete characterization of all m-dissipative 
extensions, a result which alternatively can be deduced from Theorem 2 in |25 1. 

Theorem 2.5. An extension — A of the symmetric operator —ISP is m-dissipative if and only if the sub- 
space 

M := {[tp] I V e Dom(A)} C '^K. 

admits the representation A4 — Ker(yl, B) with (A, B) satisfying Assumption \2.l\ and, in addition, one 
of the following equivalent conditions is satisfied 

(i) Im(ABt) < 0; 

(ii) S(— k; A, B) defined in (12.71 1 is a contraction for some (and, thus, for all) k > 0. 

Recall (see |[271 . Il28l . and OO]) that the extension —A is self-adjoint if and only if the subspace 
M. admits the representation M ~ Ker(A, B) with [A, B) satisfying Assumption 12.11 and, in addition, 
either AB'^ is self-adjoint or, equivalently, S(— k; A, B) is unitary. 

The proofs of Theorems 12.31 l24l 12 . 5 1 will be given in Section|3] 

2. 1 . Local boundary Conditions. With respect to the orthogonal decomposition ( I2.3l i any element x of 
JC can be represented as a block-vector 

(Xe)eG£ 



(2.10) x=\{x\^Hei 
Consider the orthogonal decomposition 

(2.11) /c-0/:„ 

with Cv the linear subspace of dimension Aeg{v) spanned by those elements (12.101 1 of JC which satisfy 
Xe = if e€£ is not incident with the vertex w, 

(2.12) x! ' = if ^ is not an initial vertex of i G X, 

Xl^^ =0 if V is not a terminal vertex of i e X. 

Obviously, the subspaces £„j and are orthogonal if vi ^ V2- 

Set '^Ly := Cy Q) Cv c2dcg(D) Obviously, each '^Cy inherits a symplectic structure from '^/C in a 
canonical way, such that the orthogonal and symplectic decomposition 

(2.13) ^''Cy = ''lC 

vev 

holds. 

Definition 2.6. Given the graph Q ~ Q (V, X, £, d), boundary conditions (A, B) satisfying Assumption 
\2.1\ are called local on Q if the subspace M (A, B) ofIC admits an orthogonal decomposition 

(2.14) MiA,B) = ^My, 

vev 

where My are subspaces of^Cy of the form ( 12.6b satisfvins Assumption \2.1\ 
Otherwise the boundary conditions are called non-local. 
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By Proposition 4.2 in f30l, given the graph Q = Q{V,T,£, d), the boundary conditions {A, B) sat- 
isfying Assumption 12. 1 1 are local on Q if and only if there is an invertible map C : K. K, and hnear 
transformations Ay and By in such that the simultaneous orthogonal decompositions 



(2.15) 



CA = ^Ay and CS = B„ 



are valid such that My = M{Ay,By). Alternatively, the boundary conditions {A,B) satisfying As- 
sumption |2TT] are local on Q if and only if 6(k; A^(A, B)) admits an orthogonal decomposition 



6(k;M(A,B)) = &{k-Mv) 



with respect to (12.131 1. 



Definition 2.7. A vector g is called positive ( respectively strictly positive ), in symbols g 0( respectively 
g >- 0), if all components of g satisfy gj > (respectively gj > 0). A ip = {ipj}j£iuS S ^ '■s called 
positive, if ip(x) )p for Lebesgue almost all x. A semigroup e*'^^^^ is called positivity preserving 
gtA(M)^ w positive for all positive ip eTL. 

We say that a ip = {ipj}jexu£ G is continuous, if %l)j{xj) is continuous for all j e £ U X and 
their boundary values agree at all vertices v ^ V with deg(w) > 2, that is, for any vertex v ^ V with 
deg(w) > 2 there is a number Cy e C such that 



and 



Definition 2.8. We write 



for all 



for all 



J e 5 u X 
j e £ u X 



with 



with 



d (j) = V 



Dom(A(Al)) cCiG) 

if all i/j e Dom(A(A^)) are continuous. A semigroup e*^(^) is called continuity preserving ife^^^^^ip 
is continuous for all continuous ^ Cz Ti.. 

The following result provides a criterion ensuring that local boundary conditions define a Laplace op- 
erator generating a strongly continuous contraction semigroup preserving both continuity and positivity. 
We set 



hy (1 1 



if eCy. 



(2.16) 

Obviously, = deg(w). 

Tfieorem 2.9. Assume that the graph Q has no tadpoles. Assume that the boundary conditions {A^ B) 
are local. The Laplace operator — A(^, B) generates a strongly continuous contraction semigroup pre- 
serving both continuity and positivity whenever any of the following equivalent conditions holds: 

(i) Up to equivalence the boundary conditions {Ay, By) are given by 

ay 



Ay 



fhy {hy 



By hy {gy , 



where gy = chy with Re c<Oifay — and c G C \ {0} if ay = — 1, 
(ii) If deg{v) > 2, up to equivalence the boundary conditions {Ay, By) are given by 



Ay 



A 


-1 


. . 





^ 









. . 





0\ 





1 


-1 . . 
















. . 














1 . . 
















.. 


















, By = 


















. . 


1 


-1 










. . 













. . 





-ij 




\p 


p 


p ■ ■ 


p 


pj 



with some ^y G C, 'R.e^y > 0, p > 0, andp ^Oif"/y = 0. 
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Observe that if 7„ e R, then the boundary conditions define a self-adjoint Laplace operator with the 
so-called (5-type interaction of strength 7^ I.15J . For 7^ = one has the so-called standard boundary 
conditions (see Example 2.6 in ll32l ). 

The proof of Theorem l2.9l is given in Section|5] 

The semigroup theory in the Hilbert space TC can be used to study the semigroups in other functional 
spaces on metric graphs. In particular, our results make it possible to give a complete characterization of 
generators of Feller semigroups on graphs with no internal edges. This result is important in the context 
of stochastic processes on metric graphs. 

Let Cq{G) denote the set of all continuous functions on the graph vanishing at infinity (if £ ^ 0) 
endowed with the supremum norm. Obviously, Co{G) is a Banach space. Denote by Cq{G) the subset 
of Co{Q) formed by functions which are twice continuously differentiable on the interior of each edge of 
the graph and such that their second derivatives are continuous at the vertices. Denote by A{A, B) the 
differential operator on C[){Q) defined by relations similar to (12.2b with domain 

(2.17) Dom(A(A, B)) = {i' e C^{g) \ A^^ + B^/ = 0}. 

Standard arguments show that A{A, B) is a closed, densely defined operator. 

Following the standard terminology we say that — A(A, B) generates a Feller semigroup q^^^^^^) 
on Cq{Q) if e*'^^'^'^) is strongly continuous, preserves positivity, and a contraction with respect to the 
supremum norm. 

Theorem 2.10. Assume that the graph Q has no internal lines, that is, X — Q). Let the boundary 
conditions (A, B) he local. The operator — A(A, B) on Co(t/) generates a Feller semigroup if and only 
if any of the following equivalent conditions holds: 

(i) Up to equivalence the boundary conditions are given by 

(2.18) A^^\+ " hy{hy, ■), By = h^{g^,-), 



with some ay G {0, —1} and some G £- 
if ay = -1. 

(ii) If deg{v) > 2, up to equivalence the boundary conditions {A. 



A,: 



gy =4 0, subject to the additional restriction gy ^ 
, By) are given by 



(I 


-1 


. . 





^ 









.. 










1 


-1 . . 
















.. 














1 .. 
















.. 


















1 By — 


















. . 


1 


-1 










.. 













. . 





-Ivj 




\P1 


P2 


P3 • • 


Pn-l 


Pn) 



n = deg(i;), with some jy > 0, py 
Py^O ifjy = 0. 



{pi,P2, . . . ,Pn) Ij= subject to the additional restriction 



The proof of Theorem l2.10l is given in Section |6l For general graphs we will prove also a slightly 
weaker result close to Theorem 12 . 1 01 (see Theorem 16.11 below) . In f33"l we provide a probabilistic proof 
of Theorem l2.10l 

We note that Theorem l2.10l is related to a result by Lumer in [,3 71 Under the assumption that the 
boundary conditions are given by ( 12.18b with ay = —1, Theorem 3.1 in 1371 states that —A{A,B) 
generates a Co (^) -contraction semigroup if and only if either ^ or g„ ^ with gy ^ holds. 

3. Accretive and Dissipative Laplace Operators 
In this section we will prove Theorems 12 . 3 1 12 .41 and l2.5l We start with some auxiliary results. 

Lemma 3.1. The following statements hold under Assumption \2.1\ 

(i) A — xB is invertible for all x > whenever Re (AB^) < 0, 

(ii) A ~ ikB is invertible for allk> whenever Im (AB^) < 0. 

Proof, (i) Assume to the contrary that A — >cB is not invertible for some x > 0. Then there is x G 
such that 



(3.1) 



{A^ - xB^)x = 0. 
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Hence, AA'''x — xAB^x = 0- This implies the equality 

(X, AA^x) - ^{X, Re {AB^)x) - Im {AB^)x) = 0- 
From this it follows that 

(x,AAtx> =>^(x,Re(ABt)x). 

Since (x, AA^x) > and (x,Re {AB'')x) < 0, we obtain (x, AA^x) = 0, which implies A''x = 0. By 
(13.11 1 we have B'^x — 0, which contradicts Assumption l2.1l 

(ii) Assume to the contrary that A — ikB is not invertible for some k > 0. Then there is x G ^ such 
that 

(3.2) {A'' +ikB'')x^O. 
Hence, AA'^x + ikAB^x = 0. This implies the equality 

(X, AA^x) - k(x, Im {AB^)x) + Mx, Re {AB^)x) - 0. 
From this it follows that 

(X,^^t^> =k(x,Im(ABt);^). 

Since (x, AA'^x) > and (x, Im {AB^)x) < 0, we obtain (x, AA^x) = 0, which implies A^x = 0. By 
(I3.2l l we have B'^x = 0, which contradicts Assumption l2.1l □ 

Lemma 3.2. Under Assumption \2. 1 \ the operator AA^ + BB'^ is invertible and the orthogonal projection 
Pm^ if^ onto the subspace 

'A' 

orthogonal to the subspace Ai defined in (12.61 1, is given by 

(3.3) = [f^ {AA +BB^)-\A,B). 

Proof. Assume that there is a x e such that {AA^ + BB^)x = 0. Then 

(X, {AA + BB^)x) = {Ax, A^X) + {B^X, B^x) = 0- 

Thus, A^x = iJ^x = 0. Hence, x is orthogonal to both. Ran A and Ran B, which contradicts Assump- 
tion O 

It is straightforward to verify that ( I3.3l l defines an orthogonal projection. The inclusion RanP^^ C 
A^^ is obvious. Conversely, a direct calculation shows that 

for any x G ^ and, hence, <Z RanPviJ_. Thus, we have RanPA^J- = M^- □ 



:= Ran 



Assume now that (A, B) satisfies Assumption 12. 1 1 and consider the Laplace operator A(A1) corre- 
sponding to the subspace Ai = M.{A, B). For any e Dom(A(Al)) its quadratic form is given by 

where Q — ( q g ) with respect to the orthogonal decomposition ''/C — 1C®1C. Observe that 



jesui 

lin{ip,~A{M)(p)n ^ Im ([(^], Q[(^])d^ 



and 



{[v],Q['P])''K = {['p],PmQPm[(p])''k:, 

where Pm = D — Pm-^- 

Thus, we obtain the following result: 

Proposition 3.3. Under Assumption \2.1\ the operator — A(A^) 
(i) is dissipative if and only if Im PmQPm ^ 0; 
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(ii) is accretive whenever Ke PmQPm > 0. 

The following result establishes a connection between properties of the product AB^ and of the oper- 
ator 6 defined in (12.71 ). 

Lemma 3.4. Under Assumption \2.1\ the inequality Re Ai?^ < Q holds if and only if \\&{\x] A^B)\\ < 1 
for some ( and, thus, for all) x > 0. Under the same assumption the inequality Im AB'^ < holds if and 
onlyif\\&{—k;A,B)\\ < 1 for some (and, thus, for all) k > 0. 

Proof Assume that Re AB'' < 0. By Lemma[TT]y4 - xB is invertible for all >c> 0, that is, 6 {ix; A, B) 
is well-defined by (I2.7l l. Observe that the boundary conditions [A, B) are equivalent to the boundary 
conditions [Aq , Bq ) with 

(3.4) Ag = _i(6-D), Be = -:^(6 + D), 

where 6 := &{\k] A, B). Indeed, this foUows from the equalities 

{A ~ KB)Ae = A and {A - >cB)Be = B. 

Therefore, by Sylvester's Inertia Law the inequality ReAB^ < holds if and only if KeAeB^ < 0. 
Due to i3Ai we have 

AeBl = -^(66^ - D) + -^Im6. 

Hence, KcAqBq < is equivalent to the inequaUty ©6^ < D. Thus, is a contraction and, hence, 
also its adjoint 6. 

Conversely, assume that 6{ixo; A, B) is a contraction for some xq > 0. Then the preceding argu- 
ments show that Re AqBq < 0, which again by Sylvester's Inertia Law implies Re AB'' < 0. Herewith 
we also conclude that & {i>c; A, B) is a contraction for all x > 0. 

We turn to the proof of the second statement. Assume that ImAB'' < 0. By Lemma ITTI A — ikB 
is invertible for all k > 0, that is, &{—k; A, B) is well-defined by (12.7b . Observe that the boundary 
conditions (A, B) are equivalent to the boundary conditions (Ae, Bq) with 

(3.5) A6=-^(6-D), Be=-^(6 + D), 
where & := 6(— k; A, B). Indeed, this follows from the equalities 

[A - \kB)Ae ^ A and (A - \kB)Be = B. 

Therefore, by Sylvester's Inertia Law the inequality IvaAB^ < holds if and only if Im AeSg < 0. 
Due to ( 13.51 ) we have 

(3.6) AeBl = ij-(D - 66t) - i-Im 6. 

Hence, Im^e^e 5; is equivalent to the inequaUty 6(3^ < D. Thus, 6(— k; A, B) is a contraction. 

Conversely, assume that (3(— kp; A, B) is a contraction for some kg > 0. Then the preceding argu- 
ments show that Im Aq Bq < 0, which again by Sylvester's Inertia Law implies Im AB'' < 0. Herewith 
we also conclude that 6(— k; A, B) is a contraction for all k > 0. □ 

Using (13.31 1 a simple calculation leads to 

Pm^QPm^ - {^^ {AA^ + BB^)-^ AB\AA^ + BB^)-\A,B) 

such that 

(3.7) RePM^QPM^ = {AA^ + BB^)-^Re{AB^){AA^ ^ BB^)-\A,B) 
and 

(3.8) Iy^Pm^QPm^ = {AA^ + BB^)-Hm{AB^){AA^ + BB^)-\A,B). 

In the sequel we will need the following lemma with the notation P^ = D — P for orthogonal projec- 
tions. We formulate this lemma in the general setting of possibly infinite-dimensional separable Hilbert 
spaces. 
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Lemma 3.5. Let Pi and P2 be orthogonal projections in a separable Hilbert space Sj. If the dijference 
Pi — P2 is compact and the pair (Pi , P2 ) has vanishing Fredholm index in the sense of |4j|, ind (Pi , P2 ) = 
0, then the following conditions are equivalent: 

(i) Pl(P2-P2-^)Pl >0, 
(ii) P^{P2-P^)Pt < 0. 

Proof, (i) ^ (ii). Observe that 

Pl{P2 - P2)Pl + Pi = Pl{P2 - Pl)Pt - Pt{P2 - Pl)Pl 

is compact. Thus, the bounded self-adjoint operator P^{P2 — P-t)Pt has pure point spectrum. 

Assume that (ii) does not hold, that is, the operator P^ (P2 — P2^)Pi^ has a positive eigenvalue A > 0. 
Denote by x G Ran P-^ a corresponding eigenvector 

If Pi(P2 - P2-^)x = 0, then we have (P2 - Pi^)x = Ax- Hence, x e RanPj and A = 1. We 
arrive at the conclusion x G RanPf'- n RanP2. Since ind(Pi, P2) = 0, there is a nonzero x' lying in 
Ran Pi n RanPj-^. Obviously, 

Pi(P2-P2^)Pix' = -x', 

which contradicts (i). 

We turn to the case Pi(P2 - P2-'-)x ^ 0. Then 7^ x € Ran Pi such that 

(3.9) (P2-P2^)x = Ax + X. 

This equality implies that 

Pl{P2-P2^)X = X- 

Since x € RanPj^, it follows from (T9[ and (P2 - P-t f = 1 that 

Pl{P2 - P2)X - Pl{P2 - P^fx - APl(P2 - P2^)X 

= PiX- Ax -Ax 

is valid. Hence, Pi(P2 — P2"'")PiX = — Ax with A > 0, which again contradicts (i). 

The proof of the implication (ii) (i) is similar and will, therefore, be omitted. □ 



Lemma 3.6. Under Assumption 12. 1 1 the inequality 

(3.10) RePMQPM>Q 
holds if and only i/Re [AB'^) < 0. Similarly, the inequality 

(3.11) lmPMQPM>0 
holds if and only if ln\{AB'^ ) < 0. 

Proof. 1. We have 
where 

(3.13) P± := Q„ 

are orthogonal projections onto the eigenspaces of Rc Q, corresponding to the eigenvalues ±i, respec- 
tively. It follows from (13.7b and ( 13.12b that the inequality 

(3.14) P^^(P+-P_)P^^ <0 

holds if and only if Rc(APt) < q. Since P+ and Pm have equal dimensions, Lemma [33] can be applied, 
thus, showing that inequality (13.14b holds if and only if Pm (P+ — P-)Pm ^ 0. 
2. We turn to the proof of the second part of the lemma. We have 

2i l-D 2 + 2' 



(3.15) ImO=:i("„ :)=;^P;-^P: 



where 

1 / D Til 

2 l±iD D 



(3.16) P4 := 
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are orthogonal projections onto the eigenspaces of IniQ, corresponding to the eigenvalues ±i, respec- 
tively. From (13.8b and (13.15b it follows that the inequality 

(3.17) Pm^{P[-P-)Pm^ <0 

holds if and only if Im {AB^ ) < 0. Since and Pm have equal dimensions, by Lemma [331 inequality 
(ITTtI i holds if and only if Pm (^ + - P'-)Pm>0- 

This completes the proof of the lemma. □ 



For the proof of Theorem 12. 3 1 we need the following lemma. 

Lemma 3.7. An accretive extension ^A{A, B) of the symmetric positive operator —ISP defined in ( 12.21) 
is m-accretive if and only if [A, B) satisfies Assumption \2.1\ 

Proof. Assume that the map {A, B) : '^K, ^ ICis not surjective. Then 

Ker ( I = Ker p KerS^ 



St 

is nontrivial. A direct calculation shows that the equation {—A{A, B) + = possesses a solution 
ip E Hof the form 



(3.18) ipj{x;k) = 



SjB for j £ £, 

aje~^^ + Pje^i for j G I 

if and only if the vectors s = {se\ee£ G ot = {ai}i^x G f^x ''' 1^ ~ {0i}iex G ^i^' satisfy the 
homogeneous equation 

(3.19) Z{A,B) [a] =0, 

with Z{A, B) -.^AX - BY, where 

/D \ /DO 

(3.20) X = io t D and Y 

The diagonal \X\ x \X\ matrices e^- are given by 

(3.21) [e±ii]^-fc = 5^-fce±'^. for j,keJ. 
Equation ( 13.191 ) has indeed a nontrivial solution, since 

Ker Z{A, B)^ = Ker (XU^ - Y^ B^) D Ker A^ n Ker 

is nontrivial. Thus, —1 does not belong to the resolvent set of — A(^, B) and, hence, —A{A, B) is not 
m-accretive. 

Conversely, assume that —A{A, B) is accretive and (A, B) satisfies Assumption 12.11 To prove that 
—A{A, B) is m-accretive it suffices to show that — A(A, B) has no proper accretive extensions. Suppose 
on the contrary that — A' is a proper accretive extension. Without loss of generality we can assume that 
—A' is m-accretive. Then 

N := {[V^] 1 1}} e Dom(-A')} 2 M{A, B) = Ker(A, B). 

Therefore, there is a pair {A', B') such that TV Ker(yl', B') and A' = A{A' , B'). Moreover, {A, B) : 
'^K, ^ /C is not surjective. By the preceding arguments — A' is not m-accretive, a contradiction. □ 



Proof of Theorem \2.3\ Assume that — A is m-accretive. Consider the linear space 

M := e Dom(A)} C ''IC. 

If dimTW > \£\ + 2\I\, then there exists A and B such that 

M = Ker(A,B). 

Hence, A = A{A,B). By Lemma \3J\ {A,B) satisfies Assumption 12. II and, therefore, dimA^ = 
\£\ + 2\T\. Now assume that dim < \£\ + 2\T\. The operator —A is m-accretive if and only if its 
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adjoint — is m-accretive (see flB, Section V.3.10]). Let us compute the domain of — A^. For any 
(fi e Dom(A) and G Dom(At) we have 

{■4;,-A(p)n 



H 



jesui 



with Q = 



This equahty impHes that 



D 

-D 



holds for all tp E Dom(A) and tp e Dom(At). Thus, 

{[tp]\i^ e Dom(A^)} C '^K. 
is the orthogonal complement in '^K, of the subspace 



D 
-D 



ip £ Dom(A) 



Since by the assumption the dimension of this subspace is smaller than \£\ + 2\T\, we infer 

dim{[V']|7/> e Dom(At)} > \£\ + 2\J\. 
By the preceding arguments — A^ is not m-accretive, which is a contradiction. 



□ 



Proofs of Theorems 12. 41 and 12. 5l are now obtained by combining Proposition [331 Lemma [3^ 
and Lemma [3761 

The following example shows that there are m-accretive Laplace operators —A{A, B) which do not 
satisfy condition (i) or (ii) in Theorem l2.4l 

Example 3.8. On the graph depicted in Fig.[T]consider the Laplace operator A with the boundary condi- 
tions 

Alp + Bip' ^ 0, 



where 



(3.22) 



A 



/I 



-1 





1 



1/2 



-1 






-1 



0/ 



B 





1 

vo 






V 



and where we use the following ordering: ip = {ipe^ (0), -062 (0), ipi{0), tpi{a))'^ . The boundary condi- 
tions ( 13.221 ) are, obviously, local in the sense of Definition l2.6l Moreover, AB^ = BA^ . Therefore, they 
define a self-adjoint operator This operator is unitarily equivalent to the negative of the Laplace operator 
on the line with two (S-interactions with coupling constants +1 and —1/2 separated by a distance a > 0, 
see im Section II. 2.1]. Hence, the eigenvalues of the operator —A are given by A = where >f > 
is a solution of the equation 

(3.23) 













2k 




2x 



It is easy to verify that for all a G (0, 1] equation ( 13.231 1 has no positive solutions. Hence, spec(— A) = 
[0, -hoo) and so, by the spectral theorem, the operator — A is accretive if a e (0, 1]. At the same time the 
product AB^ does not satisfy the inequality Rc {AB^) < 0. 

We conclude this section with a description of resolvents of Laplace operators. The following result is 
an analogue of Lemma 4.2 in 131] for self-adjoint operators and can be proved in the exactly same way. 
The structure of the underlying Hilbert space H ( 12. Il l naturally gives rise to the following definition of 
integral operators. 

Any bounded operator K on the Hilbert space H can be represented as a block-operator matrix with 
entries Kjji acting from {Iji ) to (Ij), j, j' E £ U T. If all Kjj' are integral operators, we will say 
that K is an integral operator. More precisely, we adopt the following definition. 
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Fig. 1 . The graph from Example l3.8l The arrow shows the orientation of the internal 
edge i. 

Definition 3.9. The operator K on the Hilbert space Ti. is called an integmlopsmtor if for all j, j' G £UT 
there are measurable functions Kj,ji(-, •) : Ij x Ij, — > C with the following properties 

(i) Kjji{xj, ■)tpj'{-) G L^{Iji) for almost all Xj G Ij, 

(ii) tp = Kip with 



The + \E\) X (|X| + \E\) matrix-valued function {x,y) :~ (a^j, ?/j')ij'e£ux ^ K(x,y) with 

[K{x,y)]j,j' = Kjj,{xj,yj.) 
is called the integral kernel of the operator K. 

Below we will use the following shorthand notation for ( 13.241 1: 



We remark in passing that considering that the integral kernel K{x, y) depends on x,y E x Ij is 
consistent with the fact elements of the Hilbert space H ( 12.11 ) are (equivalence classes of) functions 



with ipj £ L'^ilj)- 

There is a different but equivalent way to consider function spaces on metric graphs, which is, in 
particular, convenient when treating stochastic processes on them [33 1. A metric graph can be understood 
as a disjoint union of intervals Ij, where endpoints of Ij and Ij/ are identified if and only if the edges 
j and j' are both incident with a vertex v. Since this union is a metric space with a natural Lebesgue 
measure, we may define the space L'^{G) as a set of all equivalence classes of square integrable functions 
X ^ 'tp{x) G C, where x belongs to Ij for some j E £ U T. Obviously, there is a natural isometric 
bijection between Ti, and L'^{G)- In the present article we prefer to work with H rather than with L^{G), 
since this allows for a presentation of our calculations and results in a convenient and efficient way. 

Lemma 3.10. For any subspace Ai = M{A, B) C '^K. satisfvins Assumption \2.1\ the resolvent 

(-A(A^) - V?)-'^ for G C \ spec(-A(A^)) with det(A + ikB) ^ 0, 

is the integral operator with the {\X\ + \£\) x + \£\) matrix-valued integral kernel rM{x,y', k), 
Im k > 0, admitting the representation 



(3.24) 






(3.25) 



rM{x,y; k) = r^"'{x,y; k) 

+ ^^x, k)i?+(k;a)-i[D - 6{k;M)T{k;a)]-^6{k;M)R+{k;ar^^y, kf, 
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where i?+ (k; a) and T{k; a) are defined by 



(3.26) -R+(k;a) := I D 



^0 
T(k;a) := I e'^^ 



.0 e 



ika 







^0 e-'^2: 

with respect to the orthogonal decomposition ( I2.3l l. The matrix $(a;, k) is given by 

V(x,k) 



$(a;,k) 



0+(a;,k) (t)^{x,k) 



with diagonal matrices (f){x, k) — diag{e''^^J }j££, 0±(a;, k) = diag{e='=''^^5}jgi, e''^''^- = 4>±{a, k), a«c/ 



^ikl^j-yjl 

2k 



a;j,?/j e I J 



TMix, y; k) = r(") (a:, y; k) + ^</)(x, k)S(k; k). 



/fX = 0, representation (13.25b simplifies to 
(3.27) 

The integral kernel r^vf (a;, y; k) is called Green 's function or Green 's matrix. 

4. Continuity Property 
Let {A, B) be local boundary conditions satisfying Assumption l2.1l Obviously, the inclusion 

Dom(A(A,B)) C C{g) 

(see Definition 12.8b holds if and only if for any v <^ V' :— {v ^ V\ deg(w) > 2} and for any ( 

Ker(Ai,, By) the vector xo G ^ is a multiple of /ii,, defined in (12.16b . 

Theorem 4.1. For local boundary conditions (A^B) — ^y^y{Ay, B^) satisfvins Assumption 12. 1 1 the 
following statements are equivalent: 

(i) Dom(A(A,B)) cC(g); 

(ii) For all w G V^' Mp fo equivalence ( in the sense of Definition \2.2^ the boundary conditions 
{Ay, By) are given by 



(4.1) 



Ay = 1+ hy{hy, ■), By = hy{gy,-) 

\\hy\r 



with some ay € {0, —1} and some € £„ (the case gy = is allowed and corresponds to the 
Dirichlet boundary conditions) subject to the additional restriction {hy, gy) ^ if ay — — 1; 
(iii) For all v G V' up to equivalence ( in the sense of Definition \2.2\l the boundary conditions 
{Ay, By) are given by 



Ay 



n = deg(w), with some 7^ S C and some py — {pi,p2, . . . ,Pn) G subject to the additional 
condition {hy,py) if ^y = (the case p« = 0, 7^ 7^ is allowed and corresponds to the 
Dirichlet boundary conditions). 



(I 


-1 


. . 





^ 









.. 










1 


-1 . . 
















.. 














1 . . 
















.. 


















1 By — 


















. . 


1 


-1 










.. 













. . 











P2 


P3 • ■ 




Pn) 



Remark 4.2. Equations ( 14.1b can be stated equivalently as follows: 
(4.2) &{k;Ay,By) = -^ + -—^:^^—hy{gy,-) if a„ = 



and 
(4.3) 



e(k; Ay, By) 



1 + ik(.g„, hy) 
2 

{9v,hy) 



if 



ay 



Before we turn to the proof of this theorem, we present a simple corollary. 
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Corollary 4.3. Local boundary conditions {A, B) — By) define a self-adjoint Laplace op- 

erator with Dom(A(A, _B)) C C{Q) if and only if for all v d V' up to equivalence (in the sense of 
Defmition \2.2^ the boundary conditions By) are given by 

Ay = -—-^hy{hy,-), B y = (3y ky {ky , ') 

with some ay G {0, —1}, /3« G IR and 

ImAyBl^O for all veV\V'. 

The equality f3y = tnay only hold if ay — (Dirichlet boundary conditions). 

Equivalently, the above statement holds if and only if the boundary conditions {Ay , By ) are equivalent 
either to the Dirichlet boundary conditions (D, 0) or to the S-type boundary conditions with an arbitrary 
coupling constant jy as considered in Example 2.6 in II32I . 

Proof. The Laplace operator A{A, B) is self-adjoint if and only if AyBl is self-adjoint for any v ^ V 
(see ll27l ). If a„ = 0, then AyBl self-adjoint if and only if By is self-adjoint. Theorem 14. 1 1 implies 
now the claim. If ay = — 1, then 

AyB^ — gy{hy, •) — 77- — {Hy , gy)hy{hy, •) 

\\hvr 

is self-adjoint if and only if gy — (3yhy with some real Moreover, {Ay, By) has maximal rank if and 
only if (3y ^ 0. Again from Theorem l4. li the claim follows. □ 



Remark 4.4. Observe that the boundary conditions referred to in Corollarv \4.3\ are invariant with respect 
to permutations of edges. A somewhat related result is Proposition 2.1 in the article |16 | by Exner and 
Turek, which implies that the 5-type boundary conditions are the only permutation invariant boundary 
conditions for which all functions in the domain of /S.{A, B) are continuous. 



The remainder of this section is devoted to a PROOF OF Theorem I4. II 

(i)^(ii). Consider the subspace '^Cy associated with an arbitrary vertex v £ V . Observe that 

Dom(A(A„, B^,)) C C{Qy) holds if and only if for any ( ) e Kcr{Ay,By) either xo = or xo 

\XiJ 

is a nontrivial multiple of the vector hy . In the second case the equation 

(4.4) ByXl = -Ayhy 

has a solution xi G ^- Hence, we have the following alternative: Either By = or the subspace 

M.{Ay, By) is a linear span of {0} Ker_B„ and \ ^], where xi is a solution of (14.4b . If B^, = we 

\XiJ 

may choose Ay = D and this corresponds to the Dirichlet boundary conditions at the vertex v. 

So from now on we will assume that By ^ 0. Since dimA^(At,, By) — deg(u), we have dimKeri?^ 
= deg(f ) — 1 such that By is a rank one operator and either Ker Ay — {0} or dim Ker A„ = 1. 

First, assume that Ker Ay = {0}. Then without loss of generality we can take Ay — \. Equation ( 14.41 ) 
has a solution if and only if 

Ayhy ~ hy G Kdll B y . 

Therefore, 

By — hy{gy, ■) 

for some gy £ Cy, gy ^ 0. 

Second, assume that dim Ker A^, — 1. Then we can take Ay = P, an orthogonal projection of rank 
deg(w) — 1, that is, 

P = i-f{f,-) 

with some / G Cy, \\f\\ — 1. Equation (I4.4l i has a solution if and only if Ayhy G Kan By. Since By is 
of rank one, we have 

(gy,-), if Ayhyy^O, 

[9v{gV,-), if Ayhy=0 

for some gy,gy G Cy, gy,gy ^ 0. 
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If Ayh^ ^ 0, then 



Blf = g„{A^K, J) = g^{K,A J) = 0. 



Thus, / G KerAj nKer Sj. Therefore, diniKer ( | 
Ayhy — 0, which impHes that 



> 1. which contradicts Assumption l2. II Hence, 



A,: 



and 



By — gviov, ■)■ 



Assume that {hy,gy) = 0. Then Byhy = 0. Thus, hy e Ker Ay n Ker By. This again contradicts 
Assumption l2.1l Thus, {hy,gy) ^ 0. 

We claim that the boundary conditions (A^,, By) and (yl.„, BJ,) with By = hy{gy, •) are equivalent, 
that is, M{ Ay, By) = A^(At,, _B(,). Indeed, let xo, Xi G /C be an arbitrary solution to ^i,Xo + ^dXi = 0. 
Then AyXo = and ByXi = 0. Therefore, {gy,Xi) — 0, which implies that AyXo + B'yXi — 0. Thus, 
A4{Ay,By) C M{Ay, By). Since M{Ay,By) and A^(yl„,i3^) have equal dimension, we conclude 

that MiAy, By) ^ MiAy, B'^). 

(ii)^(iii). Let {Ay, By) be given by KT[ . Set 



(4.6) 



C 



(I 


-1 


.. 









A 


-1 


. . 





0\ 





1 


-1 .. 













1 


-1 . . 














1 . . 
















1 . . 




































.. 


1 


-1 










. . 


1 


-1 




1 


1 .. 


1 






^0 





. . 





1/ 



A direct calculation shows that dot C = dcg{v) > and det C" = 1. Obviously, 



Chy = deg(w) 











Chy 






VJ 



If ay ~ —1, then from ( 14.11 ) it follows that 

/I -1 

1 -1 

1 



CAy 





yo 



and 



CBy = deg{v) 



fO 







\gT 92 gs 



\ 





1 -1 

/ 



0\ 







.gn-1 g^J 



where the bar denotes the complex conjugation. The boundary conditions {CAy, CBy) are, obviously, 
equivalent to those given in (iii) wi 
follows that 



C A-,, — 



V — 


and py = 


- dcg{v)gy 


If a 


A 


-1 





o\ 





1 -1 











1 














1 


-1 



Vo 



1/ 
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and 



/O 










... GO 

\9T 92 53 ■ ■ • 9^ WiJ 

The boundary conditions (CA^,, C B^) are, obviously, equivalent to those given in (iii) with 7^, 

and = -g:;;. 

The implication (iii)^(i) can be verified by a direct calculation. 
This completes the proof of Theorem l4.1l 



□ 



5. PosiTiviTY Preserving Contraction Semigroups 

5.1. Contraction Semigroups. Here we describe those boundary conditions referred to in Theorem 
14.11 which define m-accretive Laplace operators. By the Lumer-Phillips theorem these operators are 
generators of contraction semigroups. 

Lemma 5.1. Assume that Dom(A(A, B)) C C{G). For local boundary conditions 

iA,B) = ^{A,,B,) 

vev 

satisfying Assumption \2. li the following statements are equivalent for all v G V': 

(i) 6(i>f; Ay, By) is a contraction for all k > 0, 

(ii) the boundary conditions {Ay, By) are given by 



(5.1) 



= i+ '"..„ hy{hy,-), By^hy{gy,-), a^GjO, "l}, 



where gy = chy with Re c < Q if ay =0 and c € C \ {0} if Uy = — 1, 
(iii) If deg{v) > 2, up to equivalence the boundary conditions {Ay, By) are given by 

/I -1 ... \ /O ... 0\ 

1 -1 ... ... 

1 ... ... 



Ay 



B-i, 



00 0... 1 -1 000... 00 

\0 ... -7t,/ \p p p ... p pj 

with some jy € C, Kejy > 0, p > 0, and p 7^ if^y — 0. 

Proof. Recall that Theorem 14. 1 1 holds due to the assumption Dom( A(A. B)) C C{G). Furthermore, 
(5(i>f; Ay, By) is a contraction if and only if 

e{i>c; Ay,By)^e{ix; Ay,By)-i<0 



(5.2) 



in the sense of quadratic forms. 

(i)<;=>(ii). Assume that ay = 0. From ( 14.2b it follows that 



(5.3) 



e{i}<;Ay,By)^e{i}<; Ay, By) - D = 
2x 



^^^\\hy\\' 



-9v{hy, 



|1 - x{gy,hy)\'^ 

\9v 1 



>{9v, ■ 



l-K{hy,gy) ' l-X{gy,hy) 

Assume that & {ix; Ay, By) is a contraction. Let x e £i, be an arbitrary vector orthogonal to hy. Then, 
by 



{x,{e{^x;Ay,By)^&{ix;Ay,By)^\i)x) = ^ 



- x{gy, hy)\ 



:\{9v,x)\^<0 
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and 



|1 - x{g^, hy) 

Hence, = ch^ with Re c < 0. Conversely, let — chy with Re c < 0. Then, inequality ( I5.2l i follows 
from (15.3b . Thus, & {ix\ B^) is a contraction. 

Assume now that = —1. From (14.3b it follows that 

6 (i^; ^„ , B„ ) 1 6 (i>f; ^„ , B„ ) - D = n^^^^rW^- (ff- . ' 

(5.4) 



2 

-gv{hv,-) 



{hv,9v) 



I = 0. 



This implies 

{K, (6(i>f; Ay,By)^6{ix; Ay, By) - D) /i. 
If 6{ix; Ay, By) is a contraction, comparing this with ( 15.2b . we conclude that /»„ is an eigenvector of 

&{k;Ay,By)^6{k;Ay,By)-i 

with eigenvalue zero, that is, 

2\\hyf 



(Jly , gy 



' 9v — "^hy, 



which impUes that gy is a nontrivial multiple of hy, that is, gy = chy with c 7^ 0. Conversely, if gy = c/ii, 
with c ^ 0, then it follows from ( 15.41 ) that 

GiiX; Ay, By)^e{iX; Ay, By) = D. 

Thus, 6{ix; Ay, By) is a contraction for all k > 0. 

The equivalence (ii)<^(iii) can be proved in the same way as in Theoi'em l4.1l 

Combining Theorem l2.4l with Lemma lSTI we obtain the following corollary. 



□ 



Corollary 5.2. Assume that the boundary conditions {A, B) corresponding to the subspace M = 
M{A, B) are local. The Laplace operator — A(A^) generates a strongly continuous contraction semi- 



group e 



tA(A4) 



preserving continuity whenever any of the following equivalent conditions holds: 



(i) Up to equivalence the boundary conditions {Ay, By) are given by 

ay 



A^, 



\hy\ 



- hy {hy , 



By hy {gy , 



where gy = chy with Re c<Oifay — and c £ C \ {0} if ay — ~1, 
(ii) If deg{v) > 2, up to equivalence the boundary conditions {Ay, By) are given by 



At, 



with some "fy g C, Re 71, > 0, p > 0, and p ^ if "/y = 0. 

We close this section with an application of our results to evolution equations considered in BOl . 

Remark 5.3. We note that Theorem \2.4\ implies the main part of Corollary 3.3 in 1401 . Indeed, assume 
that the vertex set V of the graph Q consists of at least two elements and let v € V be arbitrary. Set 
V := V \ {v}. Furthermore, we assume that each vertex v has degree not smaller than 2. Consider 
the following boundary conditions {A, B) on the graph Q. The matrix A is given as a sum Ai + A2. With 
respect to the orthogonal decomposition (12.13b the matrix Ai is given as a block matrix with blocks 



(I 


-1 


. . 





^ 




/o 





. . 





0\ 





1 


-1 . . 
















. . 














1 . . 
















. . 


















, By — 


















. . 


1 


-1 










.. 













. . 





-Iv) 




\p 


p 


p ■ ■ 


p 


pj 



[Ai]yy 



Ey 



if v,v'&V, 
otherwise. 
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where Ey^yi is a deg(w) x deg(u') matrix of the form 



/O ... 0\ 
0... 
0... 



0... 
VO ... 1/ 



with Cyy e C arbitrary. The matrices A2 and B are diagonal with respect to this decomposition, 

Uv,v' jj^K{hv,-)) if v&V, 
\5v,v'^ if V — V 



[A2]v,v' 

and 

[B]v,v' — 



5y^y'h.v{hy, ') if V & V, 

if V — V. 



It is straightforward to verify that these boundary conditions are equivalent to those given in 1401 Section 
2]. An elementary calculation shows that the inequality Ke AB'' < holds if and only if the {\V\ — 1) x 
— 1) matrix C with entries c^y satisfies Re C > 0. Moreover, AB'^ is self-adjoint if and only ifC is. 
Thus, from Theorem \2.4\ combined with the Lumer-Phillips theorem it follows that — A(^, B) generates a 
contraction semigroup whenever Re C > holds. By a result in M27I it follows that — A(yl, B) generates 
a self-adjoint semigroup whenever C is self-adjoint. 

Obviously, the boundary conditions are local if and only if the matrix C is diagonal. 

5.2. Positivity Preserving Semigroups. For any matrix C we write C )p Q (respectively, C ;^ 0) if 
all entries of the matrix C are nonnegative (respectively, positive). We write Ci )?= C2 (respectively, 
Ci >- C2) if Ci - C2 ^ (respectively, Ci - C2 ^ 0). 

Definition 5.4. Assume that the boundary conditions {A. B) satisfy Assumption \2.1\ Set Ai :— A4{A, B) 
= Ker(yl, B) according to (I2.6l l. The subspace A4 C '^K, is called positive, if there is a xq > such that 
D + &{i>c;A4) )?= 0/or all x > kq. It is called strictly positive, ;/ D + & {ix\M) >- Ofor all x > kq. 
It is called locally strictly positive, ;/ the boundary conditions defined by M are local in the sense of 
Definition \2.6\ and D + S(ix; A^„) >- for all x > kq and all v (zV. Here denotes any subspace 
from the orthogonal decomposition ( I2.14I I. 

In the sequel we will say that boundary conditions {A, B) are positive (respectively strictly positive 
or locally strictly positive) if the subspace M.{A, B) is. 

We say that a vector S is sign-definite if all components of this vector are either nonnegative 
or nonpositive, that is, )p or ^ 0. We say that a vector gy e Cy is strictly sign-definite if it is 
sign-definite and none of its components is zero, that is, gy > Q or gy -< 0. 



Proposition 5.5. Assume that the local boundary conditions {A, B) satisfy Assumption \2.1\ and 

Dom(A(A,B)) <zC{g). 

These boundary conditions are positive (respectively strictly positive) if and only if for all v ^ V up to 
equivalence the boundary conditions {Ay, By) are given by ( 14. Il l, where the vector gy is sign-definite 
(respectively strictly sign-definite). 

Proof. If deg(?j) = 1, the statement is obvious, so let deg(i;) > 2. 
For the case ay = 0, by ( 14.21 ). we have 

In 

(5.5) \^<5<(\>c;Ay,By) = -- T-^hy{gy,-). 

1 - >i:{gy,hy) 

If gy = 0, then D + 6{ix; Ay, By) )^ 0. Hence, we may assume gy ^ 0. Observe that if {gy, hy) = 0, 
then gy has strictly positive as well as strictly negative components such that hy {gy,-) has entries of both 
signs, which implies that D + 6{ix; Ai) )>= is not valid. Thus, {gy, hy) ^ 0. 
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Choose an arbitrary >fo > I (<7iij ^u) I ^- Then 

-sign{gy,hy 



2x 



> 



1 - }i{gy,hy) 

for all X > kq. Hence, the boundary conditions [Ay, By) are positive (strictly positive, respectively) if 
and only if the vector gy is sign-definite (strictly sign-definite, respectively). 

Assume now that — —1. Recall that by Theorem l4.1l {gy, hy) ^ and from (14.3b it follows that 

(5.6) \i + e{k-Ay,By) ^ \ . hy{gy,-), 

which is independent of k G C. Hence, the boundary conditions {Ay, By) are positive (strictly positive, 
respectively) if and only if the vector gy is sign-definite (strictly sign-definite, respectively). □ 

By Proposition l5.5l the 5-type boundary conditions (see Example 2.6 in ll32l ) are locally strictly posi- 
tive for all values of the coupling constant 7„ e R. 

Corollary 5.6. Assume that the graph Q has no tadpoles. Let the boundary conditions [A, B) be local 
and satisfy Assumption IZTI Then, Dom(A(j4, _B)) C C{Q) and the Green's function of ~A{A, B) 
satisfies the inequality 

rM{x,y;i>c) >- 

for all sufficiently large x > Q, whenever any of the following equivalent conditions holds: 
(i) Up to equivalence the boundary conditions {Ay, By) are given by 

ay 



Ay 



\\K\? 

with some Uy G {0, —1} and some strictly sign-definite gy G Cy or gy — if oiy = (Dirichlet 
boundary conditions). 
(ii) If deg{v) > 2, up to equivalence the boundary conditions {Ay, By) are given by 

o\ 








A 


-1 


... 





^ 




/o 





... 










1 


-1 ... 
















... 













1 ... 
















... 





Ay 












, By = 


















... 


1 


-1 










... 












... 





-IvJ 






P2 


P3 ■■■ 


Pn-l 


n = deg{v 


), with some jy 


> 0, 


Pv = 


{Pl,P2, ■ 


■ ,Pn 


) or py 


= if-fy 



boundary conditions). 

Proof. Theorems 5.1 and 6.3 in (31) remain valid under the present assumption. Thus, Theorem l4.1l and 
Proposition l5.5l implv the claim. □ 

Theorem l2.9l follows now from Corollaries 15. 2l and l5.6l and Theorem VI.1.8 in lfT4l . 

Remark 5.7. Assut^ie that the graph Q has no internal lines, that is, X = 0. Let the boundary conditions 
{A,B) be local and satisfy Assumption \2.1\ Then, Dom(A(yl, B)) C C{Q) and the Green' s function of 
— A(A, B) satisfies the inequality 

rM{x,y;i>c) 
for all sufficiently large x > Q if and only if 

(y. 

+ jrrT^hy{hyr), By = hy{gy,-), 
\\hv\r 

with some ay £ {0,-1} and some sign-definite gy G Cy. To see this, we observe that by ( 13.271 1 the 
inequality 

[rM{x,y;i>c)]e^e' > 

holds for all e,e' € £ with e ^ e' and all x, y if and only if [<S{ik; M)\e.e' > 0. If e = e' again from 
(13.27b it follows that 



(5.7) 



[rM{x,y;-lx)]e,e = ^ (c--l-=-^=l +C--(-=+^=)[6(i><;X)]e.e) ■ 
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Without loss of generality we can assume that Xe > Ve- Then the r.h.s. of (15.71 1 can be represented as 
follows 



j->f(a;e+J/e) 

2x 



[e(Sx-M)]e,e 



It is nonnegative for all Uf. G (0, +00) if and only if 1 + [6(i>f:; A^)]e,e > 0. Applying Proposition \5.5\ 
completes the proof. 



6. Feller Semigroups 

In this section we will apply results of the previous sections to study Feller semigroups on metric 
graphs and, in particular, we will prove Theoi'em l2.10l 

Repeating the calculations from the proof of Lemma 4.2 in ||3TI it is straightforward to verify that 
( 13.25b is the Green's function of the Laplace operator — A( A, S) with domain (12.17b . whenever the bound- 
ary conditions satisfy Assumption |2T| Although we will not elaborate on this observation in detail, the 
reason for this is the following: The set Dom(A(A, B)) n 7i is a core for the operator A(yl, B) in the 
Hilbert space Ti and the closure of A(A, B) with respect to the norm of Ti agrees with A(A, B). 



Theorem 6.1. Assume that the graph Q has no tadpoles. Let the boundary conditions (A, B) be local. 
The operator — A(A, B) on Co {Q ) generates a Feller semigroup whenever any of the following equivalent 
conditions holds: 

(i) Up to equivalence the boundary conditions {A^, By) are given by 



Ay — I + hv{hy, •), 



By hyi^Qy^ 



with some ck„ G {0, —1} and some strictly negative gy G Cy or — Q if ay — Q (Dirichlet 
boundary conditions). 
(ii) If deg{v) > 2, up to equivalence the boundary conditions {Ay, By) are given by 

o\ 








A 


-1 


... 





^ 




/o 





... 










1 


-1 ... 
















... 













1 ... 
















... 





Ay 












, By — 


















... 


1 


-1 










... 












... 











P2 


P3 ■■■ 




n = deg(v), with some jy 


> 0, 


Pv = 


{Pl,P2, ■ 


■ ,Pn 


) >- or py 


= Oiflv 



boundary conditions). 

Remark 6.2. For the case Uy - 
for several graphs in II42L 



- 1/or all V £ V, the integral kernel of e*'^ has been explicitly computed 



Remark 6.3. For boundary conditions considered in Example 15.51 above. Theorem 3.5 in 1401 gives a 
complete characterization of generators of Feller semigroups. 



For the proof of Theorem l6.1l we need a couple of auxiliary results. 

Lemma 6.4. Assume that the local boundary conditions {A, B) satisfy Assumption \2.1\ and the condition 
Dom(A(^, B)) C C{Q) with M. = M.{A, B). Then the following statements are equivalent 

(i) &{ix\ Ay, By)hy ^ ky hoMsfor all x > 0, 

(ii) Up to equivalence the boundary conditions {Ay, By) are given by ( 14.11 ) with {gy,hy) < if 
ay = and {gy, hy) ^ if ay ~ — 1, 

Proof. Assume that ay — 0. Then from ( 14.21 ) it follows that 



&{i>C; Ay,By)hy 



-h. 



2K{gy,hy) 



(6.1) 



hy 



\-K{gy,hy) 

>i{gv,hy) + 1 
x{gy,hy) - 1' 
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The inequality 

(6.2) >^{9M + l < , 

x:{gv,K) - 1 

holds if and only if x{gvi hv) < 1. Thus, (16.2b holds for all >ir > if and only if {g^, hy) < 0. 
Assume that a^, = —1. Recall that {g^, hy) 7^ by Theoi'em l4.1l Then it follows from (14.31 ) that 

S(i>f; Ay, By)hy — 2hy ~ hy — hy. 

□ 

Note that if & := Ay, By) ;>= 0, the condition (i) in Lemma \6A\ means that 6 is substochastic. 

However, under the assumption of this lemma & need not be positive. Even the positivity of boundary 
conditions (cf. Proposition l5.5l ) does not imply the positivity of this matrix. 

The arguments used in the proof of Lemma l64l show also the following result. 



Lemma 6.5. Assume that the local boundary conditions [A, B) satisfy Assumption \2. 1 l and Dom( A f ) ) 
C C{g) with M = M{A, B). If the inequality 

&{i>{; My)hy =<; hy 

holds for all x > Q, then either &{ix; Aiy)hy -< hy or &(i>c; My)hy = hy holds for all x > Q. 

For the proof it suffices to consider the case = 0. It follows from Lemma l64l that (g^, hy) < 0. 
Hence 

x{gy,hy) + 1 ^ ^ 
x{gy,hy) - 1 

holds for all x > 0. Thus, equation (16.1b implies 6{ix; A4y)hy -< hy. 

Without proof we state also the following result, which describes the spectral properties of the matrix 

6(iX; Ay, By). 

Lemma 6.6. Assume that the local boundary conditions {A, B) satisfy Assumption \2. 1 \ and Dom( A f Al ) ) 
G C{g) with M. — M {A, B). Then for all x > the spectrum of&{ix; My) lies in the interval [—1, 1]. 

We note that although the spectrum of &{ix; Ay, By) is real and lies in the interval [—1, 1], in general 
this operator is neither self-adjoint nor a contraction with respect to the ^■^-norm (cf. Lemma lSTb . 

Lemma 6.7. Assume that the local boundary conditions {A, B) satisfy Assumption \2. 1 l and T)om( A(A4 ) ) 
C C{g) with M = M (A, B). Then D — &{ix; Ai)T{ix; a) is invertible for all sufficiently large x > 0. 

Proof. It follows from ( 15.31 ). ( 15.41 ). Lemmas 16.41 and [6.51 that the norm ||(5(i>ir; A^)|| is polynomially 
bounded for aU x > 0. Since 

lim \\T{ix;a)\\ = 

exponentially fast, there is >fi > such that ||(3(i>f:; A^)T(i>?; a)|| < 1 for all >f > >f 1 . □ 
Let h E IChe the vector with all entries 1. In particular, we have h — ^y^y hy. 



Proposition 6.8. Assume that the local boundary conditions (A, B) satisfy Assumption \2.1\ are strictly 
positive, anc/ Dom(A(A, B)) C C{Q) with M. = M.{A, B). Then the bound 

(6.3) ||(-A(Al) + A)-i|U,oo < ^ 
holds for all X > whenever the inequality 

(6.4) 6{ix;M)h^h 
is valid for all x > 0. 

Proof. First we observe that it suffices to prove the bound ( 16.31 ) for an arbitrary A > 0. Indeed, assume 
that (lOT i holds for some Aq > 0. Then, by Proposition IV. L3 in llT4l . 



(6.5) (-A(M) + A)-i = ^(Ao - A)"(-A(M) + Aq) 



-(n+l) 
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holds for all A e C satisfying |A - Ao| < \\{-A{M) + Ao)"^||~^. Since, by assumption ( 16.3b . 



II {—A{A4) + Ao) II > Aq, we get that the series ( 16.51) converges for all A satisfying |A — Ao| < A, 
Now, estimating the norm of ( 16.51 ). we obtain that 

\\i-AiM) + xy'\\<^j:' 



^0- 



n— ^ ^ 

holds for all A G (0, 2Ao). Repeating the above arguments we arrive at the conclusion that (16.31 ) holds for 
all A > 0. 

Now we will prove the bound ( 16.31 ) for all sufficiently large A > 0, which by the preceding argument 
will imply that (lOT ) holds for all A > 0. 

Set >^ — \/A such that k = i>f and X ~ m:^. Since tm {x, y; ix) >- for all sufficiently large m: > 0, 

(6.6) ||(-A(A1) + A)"^||oo,oo = sup \\u{x; >c)\\^^,a^jj^ = sup max Uj{x; k), 

^ ' X jesux 



where 



u{x;k)-~I rMix,y;iK)l{y)dy )p 



with = 1 for all j eSUl. 

Consider 

(6.7) u^''\x-x):= j r^°\x,yM)l{y)dy. 
It is a vector with entries 

1_ f e-''\--yAdy„ je£Ul. 
An explicit calculation shows that 

Jlj Jo Jxj 

(6.8) = 1(1 _ Q-^x,^^ ^ _ ^-^(a,-x,)^ 



whenever j G I and 



/ e-l-^-«ldy, = — / e-^^^-y^^dy, + — e-(y^~^^Uy, 



(6.9) 



>f2 ~ 2>f2 



whenever j € £. 
Now we consider 

u'-"'"-' (x; := >tf) — (x; >f) 
(6.10) /-e 

First we observe that x(>f) := $(?/, i>c)'^l{y)dy G /C is a vector with components 



r e—y^dy,^-{l~e—-^), j el, 
Jo ^ 
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Therefore, 

(6.11) i?+(i>*;a)-ixW = "(D - T{ix-a))h. 
Hence, 

u^^\x->i) = -i^$(x,i><)i?+(i><;a)-i(D-e(i>^;M)r(ix;a))-i 

(6.12) 2k'^ 

■ e(i>f;A1)(D -T{ix:a))h. 

The trivial equality 

(D - &(ix;M)Tiix;a))h = 6(i><;>l)(D - T(i^f; a))/i + (D - eiix; M))h 
and Lemma l6^ entail that 

h={i~ e{ix;M)T{ix;a))-'^&{ix;M)(} - T{ix;a))h 
^^'^^^ + (D - S(i>f; Al)T(i>f;a))-i(D - 6(i>^; 

for all sufficiently large >t > 0. We claim that the inequality 

(6.14) ^{x,ix)R+{ix;a)-\i - &{ix; M)T{ix; a))-\t - &(ix;M))h > 

holds for all large x > 0. Deferring the proof of this inequality to the end of the section we proceed with 
the proof of the theorem. Combining ( 16.13b and ( I6.14l i we arrive at the conclusion 

<i>{x,ix)R+{ix;a)-\i - 6{ix; M)T{ix: a))-^e{ix; M){i - T{ix; a))h 

Hence, by ( 16.121 ). we obtain the following bounds 

u''^\x; k) < -^(e-'^"^- + e— (''--^)) if jel 



and 



uf(x-x)<^^--^^ if jef. 



2^2 

Combining these bounds with (I6.8I 1 and (I6.9l l, we see that the inequality Uj[x; x) < x~'^ holds for all 
j e f U I and all sufficiently large >f > 0. Now, from ( 16.6b the proposition follows. □ 

Theorem l6.1l now follows immediately from Proposition 16 . 8 l b v the Hille-Yosida theorem. 

Proof of Theorem \2.10\ Due to the Hille-Yosida theorem it suffices to show that the bound 

(6.15) \\i-HM) + X)-'\Uoo<j 

holds for all A > if and only if the inequaUty 

6{ix; M)h 4 h 

is valid for all x > 0. 

To prove this claim we first observe that due to Remark lS^ under the present assumptions the Green's 
function is positive. Thus, equality (16.61 ) is valid. The implication "( 16.41 ) ( 16.31 )" follows from the 
arguments used in the proof of Proposition 16.81 (We cannot apply Proposition 16.81 directly since the 
boundary conditions are now assumed to be merely positive rather than strictly positive). To prove the 
converse statement we observe that u'^*'^ and u^^^ defined in ( 16.71 ) and ( 16.101 ), respectively, are given by 



u^"'[x;x) ^ - ^ ' ^ 

and 



(°){x;x)^—h^—cj,ix,ix)h 
X'' 2x^ 



u^'^\x;x) = -J--(l)(x,ix)&(ix;M)h, 
2x^ 



where ip{x, \x) is defined in Lemma 13.101 Thus, 



1 e^^^' 

Now ( 16.15b with \ = x^ and ( l63b imply that &{ix] M)h - h 4 0. □ 



Uj{x; x) = — + -—^[&{ix; M)h — h]j 
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6.1. Proof of inequality (16.14) . If I — 0, the proof is trivial and follows directly from Lemma \6A\ 
Thus, we assume further that T 0. In this case the proof utilizes the notion of walks on metric graphs 
(see ll30l . lISTl . ll32l ). We start with recalling this notion. 

A nontrivial walk w on the graph Q from the edge j' e £ U X to the edge j G 5 U X is a sequence 

(6.16) {j,Vn,jn,Vn-l, ■ ■ ■,jl,Vo,j') 

such that 

(i) ji, • ■ • , jn G I; 

(ii) the vertices vq £ V and u„ e V satisfy vo e d{j'), uo G <9(ji), w„ G and t;„ e d{jn)', 

(iii) for any fee {1, . . . , n — 1} the vertex Vk & V satisfies e d{jk) and e 

(iv) Vk = Ufc+i for some fee {0, . . . , n — 1} if and only if jk is a tadpole. 
If j, j' G £ this definition is equivalent to that given in ll30l . 

The number n appearing in (16.16b is the combinatorial length |w|comb and the number 

n 

fc=i 

is the metric length of the walk w. 

A trivial walk on the graph Q from / e £ U X to e £ U X is a triple (j, w, j') such that ?; e d{j) 
and u e In particular, if d{j) = {vq,vi), then {j,vo,j) and {j,vi,j) are trivial walks, whereas 

(j: i^Qij;Vi,j) and (j, vi,j,vo,j) are nontrivial walks of combinatorial length 1. By convention, both the 
combinatorial and metric length of a trivial walk are zero. 

We will say that the walk (I6.I6I 1 leaves the edge j' through the vertex vq and enters the edge j through 
the vertex w„. A trivial walk {j, v, j') leaves j' and enters j through the same vertex v. 

A walk w — {j,Vn, jn,Vn-i, ■ ■ ■ ,ji,vo,j') traverses an internal edge i G X if jk = i for some 
1 < fc < n. It visits the vertex v if — v for some < k < n. 

We say that the walk ( 16.16b is transmitted at the vertex u^, 1 < fc < n — 1 if jk 7^ jk+i- It is 
transmitted at the vertex vo (respectively u„) if ji ^ j' (respectively j„ 7^ j)- Otherwise the walk is said 
to be reflected. The walk is called reflectionless if it is transmitted at any vertex visited by this walk. 

Under the assumptions of the Theorem l6.8l from ( 15.3b . (15.4b . Lemmas 16.41 and |63] it follows that the 
norm ||(S(i>f; A^)|| is uniformly bounded for all x > 0. Since 

lim ||T(ix;a)|| = 0, 

there is > such that 

oo 

(6.17) (D - e{i>c;M)T{iH-a))'^ = ^ (6(i><; >l)T(i>f; a))" 

converges for all yt>x.\ uniformly in h. Therefore, 

w{x;>c) := $(x,i>^)i?+(i^^;a)-^(D - e{i>c- M)T{ix; aj)-^ {i - e{iH;M))h 
= ^{xA>c)R+{ix;ay^{\i - 6{ix;M))h 

OO 

+ $(a;, ix)R+ (ix; a^^Y^ {6{ix; M)T{ix; a))" (D - e{ix; M))h. 

We will now show that Wj (a;; x) >Q for all j € X. The same statement also holds for j E £. Its proof is 
actually much easier and will, therefore, be omitted. 

Let wj j-f a, <t' e {+, — } denote the set of all walks from j' to j leaving the edge j' through the 

vertex 9°^ {j') and entering the edge j through the vertex d'^{j). Observe that for given j ^ j' these four 
sets are disjoint. For arbitrary a € { — , +} we will write 

^:=|-' 

\+, if <T = -. 

We set V(3 :— {v eV \ 6{ix; Mv)K -< hy}- By Lemma l6^ the set Vi :— V \ Vq agrees with 

{v eV\ 6{ix; Mv)hy = hy}. 
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It is Straightforward to verify that 

Wj{x, x) 

= e-^"^ [(D - 6(i><;X))/i]^._ +e-^("^--"^) [(D - e(i><; + 



(6.18) , wew<"r') 
cr e{+,-} 

holds for all sufficiently large >f > 0, where the weight W[>c\^) associated with the walk w = 

{j>n, jnjWn-i, . . • , ji,wo, j'} IS given by 

VF(>i:; w) := [6(ix; A^„)]j^j' if w is trivial, 

W[>c\^) := [6(i>f;7W„)]j,jje(i><, if n = |w|comb = 1, 

(6.19) /'^' \ 

• [6(i>!:, Al.u')]j„jv if 71 = |w|comb > 2. 

Due to the uniform convergence of the series in ( 16.171) it suffices to control the leading term in ( 16.181) 
only. For any j G I there are four possible cases 

(a) e Vo, 

(b) a+(j)el/oand9-(j)eyi, 

(c) d-{j) e and 9+0) e Vi, 

(d) 9±(j) G Vi. 

We will treat these cases separately. 

Case (a). By assumption we have [(D — &{iK; A4))h]j _j_ > 0. Therefore 

e— ^j [(D _ 6(i>f;7W))/i]j-_ +e-"("J-^j) [(D - e(i><; + > 0. 

Observing that the l.h.s. of this inequality is the leading term in ( 16.18b for large x > 0,we arrive at the 
conclusion that Wj {x, >r) > for all sufficiently large >r > 0. 
Case (b). By assumption we have 

[(D - M))h]^_ = and [(D - 6{ix; M))h].^^ > 0. 

To determine the leading contribution in ( 16.181 ) for large >«: > 0, we introduce the set 

wJ"' := |w e wJ;;"'' for some j' e I, j' ^ j and a' e { + , -} 

(6.20) ^ \ 

such that d"^ {j') G Vq and |w| < — aji >. 

Obviously, this set may be empty. By >vj we denote the subset of >vj ' formed by the walks with the 
smallest metric length, 

>V|"^= |w e Wj"^ such that |w| < |w'| for all w'e>v]"'|. 

The leading term in ( 16.181 ) is given by 

e-^(°J""j)[(D-6(ix;X))/i]^.^ 
+ e-""Je"""j[6(i><;A^)]„- [(D - e(i>^; A^))/i]^. + 
••^■^^^ + e-"^Jl^(x;w)e-"l^le-'^V [(D-e(i>r;X))/i]^.,_^, , 



wew 



(-) 



where in the last term the walk w leaves the edge j' through the vertex d'^ {j') and enters the edge j 
through the vertex d~ {j). The second term in this expression corresponds to the trivial walk {j, d~{j),j}. 



CONTRACTION SEMIGROUPS ON METRIC GRAPHS 



27 



We emphasize that the condition |w| < aj — a'j in (16.201 1 guarantees that the third term is not neghgible 
with respect to the second one. 

Observe that the sum of two first terms in ( 16.21b for all sufficiently large k > satisfies the lower 
bound 

g->.(.,+a,) _ g(i^._v())/i]^.^ (e^--^ + [e{ix;M)]j,j) 
> e-'^("^+'^^-) [(D - eii}<; M))h]j^^ (1 + [e(i><; TW)]^- j) > 

uniformly in xj e [0, a^]. Here on the last step we used the strict positivity of the boundary conditions 
(cf. Definition 15 .4l l. which, in particular, implies that 1 + [(5(i>f; A^g+Q))]jj is strictly positive for all 
sufficiently large x > 0. 

We turn to the discussion of the third term in (16.21b . 

The following lemma is taken from |31 1. 

Lemma 6.9. Assume that the graph Q has no tadpoles. Let w G ^fj'' walk with the smallest met- 
ric length among all walks in wj Assume that w is not reflectionless. Then there is a reflectionless 
walk w' e Wjjf U Wjjf U Wff ^ from f to j such that 

(i) w = {j,d^j),w'} if w'ewj7\ 

(6.22) (ii) w = {w', 9-' (/),/} if yv'eW^f\ 

(iii) w-{j,a-(j),w',a-' (/),/} if w'eW^\ 

If all walks w G wj ^ w 7^ {j, are reflectionless, then from ( 16.191 ) it follows that the third 

term in ( 16.211 ) is positive. Assume now that a walk w e wj {j, is not reflectionless. 

Observe that the possibilities (i) and (iii) in ( 16.22b cannot occur since in these cases |w| > aj which 
implies that w ^ wj ^ . In the case (ii) the walk w is either of the form 

(6.23) [fVl-,]' ,VQ,i') (if |w|comb = 1) 

or 

(6.24) (j,...,/',t'i,/,«o,/) (if |w|co,„b > 1) 

with j" 7^ In both cases vi G Vq. The walk (16.23b enters the edge j through the vertex d^{j) and, 
hence, does not belong to VVj^- Thus, w is of the form (16.24b . Obviously, the walk 

w (j, . . . ,j ) 

belongs to >vj •* (since w does) and has a metric length strictly smaller than |w|, which contradicts the 

assumption that w is a shortest walk in Wj ^ Thus, we arrive at the conclusion that the walk w is 
reflectionless. Since the boundary conditions are assumed to be strictly positive, the last term in ( 16.211 ) is 
strictly positive. This proves that Wj{x, x) > for all sufficiently large x > 0. 
Case (c) can be handled in the exactly same way. 

Case (d). Denote by wj^'' the set of all walks with the smallest metric length among all walks in the 

set 

(w G W.^t'"'^ for some f G I, / ^ j and a' G {+, -} 

(6.25) L ^ 

such that (f) G ^0^. 

By assumption we have 

[(D-6(i>^;M))/i]^.± =0. 
Thus, the leading term in ( 16.18b is given by 



(6.26) 
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where j' is the initial edge of the walk w and d'^ [f) the vertex, through which the walk w leaves the 
edgej'(w). ^ ^ 

If all walks in >y|"' and wj^^ are reflectionless, then then sum ( 16.261 ) is positive. Therefore, we 

assume that there is a non-reflectionless walk w belonging, say, to wj ' . Observe that (ii) and (iii) in 
( 16.22b cannot occur. Indeed, this would contradict to the assumption that w is a walk with the smallest 
metric length among all walks in the set (16.25b . 

Thus, by Lemma ld!9l there is a reflectionless walk w' G wj^, '^ ' such that 
(6.27) ^=[j,d-{j),W). 

We claim that w' G wj^^ . Assume to the contrary that there is a walkw" G >V]+^ with |w"| < |w'|. 
Then, the walk {j, w"} has a metric length 

\W\+aj < |w'| +aj = |w|. 

Thus, the walk {j, d~ (j), w"} belongs to wj ' and has a length smaller than |w|. Since w G wj ', 
this is a contradiction. 

Observe that from ( 16.191 ) and ( 16.271 ) it follows that 

W{>t;w) = [&{i>t;Mg-i^j))]j,jW{>i:w') and |w| = |w'| +aj, 

where W{k\ w') > 0. Hence, the sum of the contributions of the walks w and w' to ( 16.261) is given by 

e— ^^■M/(>^;w)e-"l^le-^V [(D - M))h]^, 



(6.28) 

■ {e^--^ ^[&{\>i-Ma-ij))V,)W{>,-W) 

•(l + [e(i>^;Ma-0-))]w)W^(>^;w') 

uniformly in Xj G [0, a^] . The strict positivity of the boundary conditions (cf. Definition l5.4b implies that 
1 + [(B(i>!:; Alg- is strictly positive for all sufficiently large k > 0. Thus, the rh.s. of (16.28b is 
strictly positive for all sufficiently large x > 0. 

For any other non-reflectionless w G Wj ■* there is a reflectionless walk w' G ^'"^ ^ such that 
w = {j,d^ {j),w'). Obviously, w' and w' are different. Thus, Wj{x,M:) > for all sufficiently large 
x>0. 

This completes the proof of inequality ( 16.141 ). □ 
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